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O ' ABSTRACT 

(N : 
t^. . 

We derive a component-field expansion of the Green-Schwarz action for the type IIA 
string, in an arbitrary background of massless NS-NS and R-R bosonic fields, up to quadratic 
order in the fermionic coordinates 0. Using this action, we extend the usual derivation of 
Buscher T-duality rules to include not only NS-NS, but also R-R fields. Our implementation 
of the T-duality transformation rules makes use of adapted background-field parametriza- 
. tions, which provide a more geometrically natural and elegant description for the duality 

maps than the ones previously presented. These T-duality rules allow us to derive the 
Green-Schwarz action for the type IIB string in an arbitrary background of massless NS-NS 
and R-R bosonic fields, up to O(0 2 ). Implemention of another T-duality transformation on 
this type IIB action then allows us also to derive the Green-Schwarz action for the massive 
IIA string. By further considering T-duality transformations for backgrounds with the two 
U{\) isometries of a 2-torus, we give a string-theoretic derivation of the direct T-duality 
relation between the massless and massive type IIA strings. In addition, we give an ex- 
plicit construction of the D = 8 SL(3, 1R) x SL(2, 1R) invariant supergravity with two mass 
parameters that form a doublet under the SL(2, IR) factor. 
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1 Introduction 



T-duality is the most securely founded of the duality symmetries of string theory, being 
grounded in worldsheet field manipulations that do not change the corresponding conformal 
field theory (see reviews It has been discussed mainly in the Neveu-Schwarz-Ramond 

formalism, where couplings to the Ramond-Ramond sector of superstring theory do not 
appear in the classical string action. However, when one is concerned with the effects of 
T-duality on nontrivial R-R backgrounds, it is more appropriate to use the Green-Schwarz 
formulation. In this paper we develop procedures for deriving T-duality in the Green- 
Schwarz formalism. We first apply the method to a derivation of the standard type IIA /IIB 
string T-duality, including R-R backgrounds. Next, we extend the discussion to allow for 
backgrounds associated with the massive type IIA theory. Since this extension of the theory 
inherently involves R-R backgrounds, the Green-Schwarz formalism is ideally suited to 
describing the extended T-duality symmetries that relate the massive IIA string to the type 
IIB string. Finally, we apply our discussion of T-duality in the Green-Schwarz formalism 
to the case of type IIA strings propagating in backgrounds with two abelian isometries. By 
this means we are able to exhibit explicitly the T-duality relation between the massless and 
massive IIA theories. 

We begin by obtaining a component-field expansion of the superfield form of the Green- 
Schwarz action for the type IIA superstring in an arbitrary background of bosonic NS- 
NS and R-R fields, working to order 0(9 2 ) in the fermionic coordinates. We do this by 
making a double dimensional reduction ||] starting from the superspace form of the D = 11 
supermembrane action ||], and using previous results for the component expansions of the 
D = 11 superfields || [| [jj. Thus we obtain the component-field expansion of the type 
IIA Green-Schwarz string action given in (|2.8| ), to O{0 2 ) in the fermionic coordinates, in 
arbitrary massless bosonic NS-NS and R-R fields. 

Performing next the T-duality transformation for a single U{\) isometry, we show how an 
appropriate set of background-field definitions significantly simplifies the T-duality derived 
transformations of these fields. We do this by adopting variable choices for the background 
fields that are geometrically adapted to the background with its assumed abelian isometry, 
which is necessary for implementation of the T-duality map. This leads to a simple set 
of expressions for the background-field transformations that precisely matches the known 
forms of nonlinear symmetry transformations in the corresponding effective supergravity 
theory. Since, in our discussion, we are using a formalism where all the massless bosonic 
fields are non- vanishing, this allows us to derive T-duality transformation rules for the 



2 



R-R as well as the NS-NS backgrounds, in a manner directly comparable with previous 
field-theoretic derivations, but now instead within the framework of the string action. 

String-theory T-duality transformations have an advantage over those derived in the 
effective field theory, in that they are carried out without suppressing string excitations 
along the directions of the assumed isometries of the background fields. Thus, whereas 
in supergravity field theories the assumption of isometries means that one has effectively 
made a Kaluza-Klein reduction to a lower-dimensional theory, this is not the case in string 
theory. Accordingly, in string theory, one may access the larger groups of nonlinear sym- 
metry transformations that appear in supergravity theories upon dimensional reduction, 
but without actually sacrificing the higher-dimensional modes of the string itself. Thus in 
our approach we obtain the type IIA/IIB T-duality in the more general string-theoretic 
framework, including R-R background fields, while at the same time employing the more 
geometrically adapted description commonly used in field-theoretic discussions. 

The component-field expansion of the usual type IIA Green-Schwarz string that we 
obtain includes non-vanishing backgrounds for the 2-form and 4-form R-R field strengths 
Fr 2 ) and -F (4) . By performing a T-duality transformation with a single U(l) isometry, we 
show how the action can again be interpreted as a covariant ten-dimensional action, but 
now describing the type IIB string. By this means we derive for the first time a component- 
field expansion of the type IIB Green-Schwarz string action, again to 0(9 2 ) in the fermionic 
coordinates, in arbitrary massless bosonic backgrounds, including the 1-form, 3-form and 



5-form R-R field strengths = dx, F^ and F (5) . The action is given by ( p.28|) . 

From the type IIB Green-Schwarz action we then perform a further T-duality transfor- 
mation, for a single U{1) isometry along a coordinate y, in which the field strength F w 
is allowed to have a non-vanishing component in the direction of the isometry, — ► 
.F(i) + mdy. From a field-theoretic standpoint this corresponds to performing a Scherk- 
Schwarz generalised reduction, where the axion \ ls allowed a linear dependence on the 
compactification coordinate y. As is well known, this leads to a massive supergravity in 
D = 9 which is identical, after a field transformation, to the ordinary dimensional reduction 



of massive || type IIA supergravity |10| (see also [11, Q). In our discussion of T-duality at 
the level of the superstring action, we are able to derive the additional 0-form contribution 
of the mass term m to the background of the IIA theory, thereby providing an explicit 
expression for the Green-Schwarz action for the massive IIA string, given by ( f4.4|) . 

Since the type IIB and the massive type IIA theories are related by an appropriately- 
generalised T-duality on a circle, and on the other hand the massless IIA theory is related 
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to the IIB theory by a standard T-duality on a circle, one can expect that it should be 
possible to derive a direct T-duality relation between the massless and massive IIA theories 
themselves, in which the background fields are assumed to have the two U(l) isometries of 
a 2-torus. Indeed, in |l3|] a massive supergravity was obtained in D = 8, by performing 
a generalised Scherk-Schwarz reduction of massless type IIA supergravity. Although not 
manifestly the same as the theory that one obtains by reducing massive type IIA supergrav- 
ity on the 2-torus, it is in fact equivalent up to field redefinitions in D = 8. This formed 
an ingredient in the discussion in fl4}| , where the notion of massless/massive IIA duality 
was developed. The arguments presented there involved the comparison of D8-brane and 
D6-brane solutions of the supergravities in D = 8. In the present paper, we are able to 
present a direct and explicit formulation of massless/massive IIA duality, at the level of 
the Green-Schwarz string action, showing precisely how the T-duality mapping between the 
two theories is implemented. 



2 Type IIA Superstring Action from the Supermembrane 

We start from the worldvolume action for the supermembrane in D = 11. This is given by 



h = f<Pt(-y/-k- \^ d: t Z M &.Z N d k Z p A PNM ) , (2.1) 

where h^~- = d~ i Z M E 1 ^ 9jZ N E 7 ^ r/mn is the world- volume metric, Z M = (X^, 9 a ) denotes the 
eleven bosonic and 32 fermionic spacetime coordinates, and Apnm is the 3-form superfield. 
The supervielbein E^ and 3-form A were obtained to leading order in 9 in [||, [|, and more 
recently they were completely calculated to 0{9 2 ) 0. To this order, setting the spinor 
background fields to zero, they are given by: 

Ef = ef + i9T^{\^Y^ + f^F m i)6, 

pa 1 a mn /-p n\a , irf\ rhnpq n\a 77 

J^u 4 A v rhh" ) ~r K- 1 p, u ) r rhnpq 1 

E™ = -i(0r*) a , E a a = 8 a a + M«, (2.2) 

A A _Q;fl"T I T _i_ rfi rhnpq j? \n 

A fivp — -"-(ivp 01 u 1 [pu I 4 w p] L rhh ~v 1 ji] r rhhpqj u > 

Afxp a = i(9Tf li> ) a , A^p = —(9T jiv){ a {9T u )^ , 
Aa/3^ = -i (0Tjj,p)( a (GT^p {9T V )^ . 

The notation here is as follows. Hatted indices p, are used for eleven-dimensional bosonic 
coordinates and hatted indices rh are used for the eleven-dimensional bosonic tangent-space. 
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Fermionic coordinate and tangent-space indices are denoted by a and a respectively. The 
quantity T^ iy/3crA is given by 

= m (V^* - 8Sf f ^ ). (2.3) 

Whenever coordinate indices appear on the Dirac matrices, we place hats on the matrices 
to indicate that the eleven-dimensional bosonic vielbein has been used. The quantity 
M° appearing in (|2.2| ) is of order 9 2 , but does not contribute to any results at this order Q 
We now perform a double-dimensional reduction from D = 11, in order to obtain the 
superspace action for the type IIA string in D = 10, expanded to order 9 2 , in the presence 
of bosonic background fields. The bosonic coordinates are split as X^ = (X^,y), and 
the eleventh spacetime coordinate y is set equal to the third world- volume coordinate £ 3 ; 
y = £ 3 . Otherwise, all spacetime coordinates are taken to be independent of £ 3 , and the 
background fields are taken to be independent of y. The reduction ansatze for these bosonic 
background fields are the usual ones, namely 

ds 2 xl = & ~¥ ds\ + e^{dy + A w ) 2 , (2.4) 
i (3) = i4 (3) + A (2) A dy , (2.5) 

where ds\i = g^dX^ dX v and ds 2 = g^ v dX^ 1 dX v , with the metrics given by g^o = 
and g^ v = e™e™r] mn respectively. Note that the ten-dimensional metric is in 
the string frame here. We also choose to make a rescaling of the fermionic coordinates, in 
the process of reducing from D = 11 to D = 10, namely, 9 — ► 9. This ensures that 
in D = 10, the supercoordinate transformations 5X^ = i 9 e and 59 = e will take their 
canonical forms. 

In order to derive the ten-dimensional type IIA superstring action from the eleven- 
dimensional supermembrane action (|2.1| ) using this reduction scheme, one can follow either 
of two procedures. One may first obtain the ten-dimensional supervielbein components by 
dimensional reduction in superspace, and then substitute them into the superspace version 
of the D = 10 type IIA superstring action, 

h = J d 2 c( - V=fc - d % Z M d^Z N A NM ) , (2.6) 

or alternatively one may start directly from the D = 11 action fl2.1|) and work out the 
reduction directly in the action at the component-field level. In the first procedure, one has 
1 Note that we have changed from the spmor-conjugation convention used in Q], where ip = itp^V*, to 
the more familiar one where ip = tp^ F* . See the Addendum section R for a more detailed discussion. 
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to be careful to apply a local Lorentz transformation in superspace in order to put the D = 
11 vielbein into Kaluza-Klein reduction form, with E™ = 0, and one also needs to perform 
a superspace Weyl rescaling |, |l| = E™ = Q-iefrEg), where <£§ = Eh 1 . 



It is also convenient to perform additional ten-dimensional local Lorentz transformations to 
simplify the result. For the vielbein components needed in the type IIA string action, we 
then obtain after some algebra the following 

+ _i_ e ^ r - r pi-P4 r ^F pl ... P4 , 

Eg = -i(9T m ) a . (2.7) 

The type IIA superstring action may then be obtained by inserting these expressions, to- 
gether with the corresponding reduction of the 3-form field A, into the D = 10 superspace 



form (2.6) of the string action. Alternatively, one may apply the reduction scheme directly 



in the eleven-dimensional action (2.1). In either way we find, after some lengthy algebra, 
that the ten-dimensional type IIA string action, for arbitrary bosonic background fields and 
expanded to 0{9 2 ), is given by I2 = J d 2 £ C2, wheref] 

C 2 = -\^hW diX»d 3 X» g^ v + \e lj diX»d 3 X» 
-i 9{^hh ij - e ij T n ) T p Dj6 fyX 1 * 

+|cW djX" 6(V=hh ij - e ij r n ) r u r/ CT 9F vpry (2.8) 
-^diX^X"^ Btf-hh* - e'i T u ) (v u T p T p(J T u F pa + ±T p T^ Xt T u F paXr 

where 

Did = + u p mn T mn 9 . (2.9) 

The field strengths are given by 

F (4) = dA m - A m A dA m , F (3) = dA {2) , F {2) = dA m . (2.10) 



For later convenience, the gamma matrix Tn in (2.7, 2.8) is taken to be the negative of 
the matrix T^ that corresponds to setting m equal to its eleventh value. Tn is then the 
chirality operator in D = 10|] 

2 A Tn factor was accidentally omitted in the F vpa terms in the earlier and published versions of this 
paper. See the Addendum section ^ for a detailed discussion of corrections and changes of convention and 
notation. 

3 Our conventions are as follows. The Dirac matrices satisfy {Tm, Ta} = 2rjAAj with r\ = diag (— 1, +1, . . .+ 
1). For a Majorana spinor 9, the expressions OT^...^ 9 vanish for p = (1, 2, 5, 6, 9, 10) and are non- vanishing 
forp= (0,3,4,7,8,11). 
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A number of remarks on this result are now in order. If we consider a background in 
which only the metric and 2-form potential A^ v are excited, the top two lines in (|2,§| ) are 
precisely of the standard form, up to O(0 2 ). The third line describes an additional 0(9 2 ) 
coupling of the NS-NS field strength F^, over and above the standard bosonic coupling 
to the worldsheet. The final line in ( |2.8| ) describes the couplings^] of the R-R background 
fields -F( 2 ) and F^. The factor of that multiplies the R-R terms in ( [2,8; ) implies that 
6 loop diagrams involving two insertions of the R-R vertices will give rise to the expected 
additional e 2< ^ factor in the couplings of the kinetic terms of the R-R fields in the low-energy 
effective action. 

One further remark that is appropriate at this stage is to note that there is no \f—h i? (2 ) (f> 
coupling of the dilaton to the worldsheet. This is what one should expect; such a term would 
explicitly break the conformal invariance of the classical world-sheet action ( |2.8| ), which 
would contradict the manifest conformal invariance of the classical reduction procedure (see 
|T5| ). Moreover, a \/—h i? (2) <f> term would also break the manifest spacetime supersymmetry 
of the Green-Schwarz formalism. Whether such a term is actually needed in this formalism 
remains an open question. In order to calculate conformal anomalies in the Green-Schwarz 
formalism, one must carefully fix the K-symmetry gauge and handle its infinitely recursive 
ghost sector. In the explicit /3-function calculations that have been performed, for the 
Green-Schwarz heterotic string at the one and two-loop levels [jig] , no need has been found 
for a V —h i? (2 ) (j) term. It may be that such a term only appears out of the quantum measure 
upon making the variable changes needed for a transition from the Neveu-Schwarz-Ramond 
to the Green-Schwarz formalism. 



3 T-duality and the Type IIB Superstring Action 
3.1 T-duality in the Green-Schwarz action 

T-duality in the NS-NS sector has been extensively studied at the level of the string sigma 



model, starting with [18|. For the type I string, the resulting "Buscher rules" correspond 
in D = 9 to a discrete Z2 symmetry. For type IIA and IIB strings, whose NS-NS sectors 
coincide but whose R-R sectors differ, it corresponds to a transformation that maps back 
and forth between the two theories. In an NSR type of sigma model, one does not see the 



couplings of the R-R background fields to the worldsheet, and so the methods used in [18] 



4 The odd-parity R-R terms proportional to e IJ were presented in Jl?] ]; they are in broad structural 
agreement with ours. 



7 



are not directly applicable to the complete type II theories. In fact until now, the analogues 
of the Buscher rules for the R-R fields have been derived only at the level of the effective 
low-energy field theory, by performing standard Kaluza-Klein reductions of the type IIA 
and IIB supergravities and making the necessary identifications of fields that relate the two 



theories in D = 9, as in ||, 10|. In this section, we shall derive the generalisation of the 
Buscher rules for the Green-Schwarz superstring actions. Since, as we have presented in the 
previous section, these actions include the couplings of the R-R fields, this will allow us to 
obtain a worldsheet derivation of the "Buscher rules" for the R-R fields. 

To begin, we write down a generic worldsheet Lagrangian with the general structure of 

£ = -ly/ZhtfJ d i X' x djX v G txv + \e ij diX^djX" B„ v 

+V=hh ij diX^ G m + d t X» Bjn . (3.1) 



Note that by comparing this general form with (2.8), the quantities G^ v and will contain 
not only the usual ^-independent terms and A^, but also certain 2 terms as well. In 
fact, it will prove useful to write these as 

G[iv — S/i^ ~\~ Qfiv > — A^ -\- PfMs , (3.2) 

where Q^ u = Qr^ and P^ = P{^ v \ represent the symmetric and antisymmetric O{0 2 ) 
terms coupling to diX^ djX v . The quantities Gjfi and Bj^, which couple to the single d-iX^ 
pullback, will correspond to the Q did parts of the fermionic kinetic terms in (|2.8f ). 

We now follow the analogue of the standard procedure developed for the bosonic string in 



[18]. Thus we suppose that there is an abelian isometry of the ten-dimensional background 
fields, such that in an adapted coordinate system the fields are all independent of the tenth 
of the coordinates X^. We shall accordingly decompose the coordinates as X^ = (X^' , Y). 
The next step is to replace d{Y in the Lagrangian fl3.1| ) by a worldsheet vector Vi, at the 
same time introducing a Lagrange multiplier Z (a worldsheet scalar) and adding the term 
e 13 diZVj. The equation of motion for Z enforces the irrotationality of Vi. By instead 
varying the action with respect to Vi, and substituting its algebraic solution back into the 
action, we obtain 

lV^hh ij diX^' 8jX v ' Gfj,' v i + \e ij d^' dj X u ' B^ v , 



2 

+v /z /^' diX^' g jfl , + e ij diX»' B jfl , 

-\\T-hh lj Gqq (m uj - Vi vj) + e tj Gqq m vj , (3.3) 
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where 

Ui = diZ + diX^' B^o ~ B i0 , Vi = -diX* G> + Qio ■ (3.4) 

Note that, following the conventional notation, we associate the index "0" with the Y 
coordinate. 

The Lagrangian ( |3.3|) can be seen to be of the same general form as fl3.l|) , with Z rather 
than Y now viewed as the tenth coordinate. Recasting ( |3.3[) in the form (|3.l|) implies that 
there will now be a transformed set of background fields, which we shall denote by G^, 
Bjxu, Gj/j, and B J(U . Recalling that G^ v and include terms both of order 6° and 2 , 



as indicated in (3.2), we may then read off the full set of transformed background fields, 



correct to order 9 2 . At zeroth order in 9 we find the usual Buscher rules, 



bfi' V 



S/j,'v' + goo 1 ( A H'0 A v'0 - g/x'O gi/'o) , 

g M 'o = goo 1 \'o i goo = goo 1 > ( 3 - 5 ) 

\'o = goo 1 g^'o • 
At 0(6 2 ), we obtain the following rules: 

QtM'u' = Qp!v> + 2g " 1 (-Piy |o| A/)o ~~ Q(m'|o| gi/')o) + goo 2 (g^'o g^'o - A^ A/o) Qoo , 

Qn'o = goo 1 Pfi'o ~ goo 2 A»'o Qoo , Qoo = -goo 2 Qoo , 

= P/i'v' - 2 Soo (P[n'\o\ Su'jo - Q\pt'\o\ A/]o) + 2g ~ 2 Q 00 A^^ g u ,^ , 

PfM'o = goo 1 Q»'o - goo 2 g^'o Qoo , (3-6) 

= + goo 1 (^t0 A^'o — GiO g/l'o) i £i0 = goo 1 ^i0 j 

= B ifl > + ggo 1 (^io A^ - B i0 g^ ) i ^io = goo 1 ^«o , 

In these formulae we have followed tradition [18|, in denoting the components of the 
metric (the ^-independent terms in Gy^, G^o and Goo) simply as g^v, g/i'o and goo- 
There is, however, a much more natural way to parametrize the ten-dimensional metric in 
terms of nine-dimensional fields, namely by using the standard Kaluza-Klein decomposition 
from D = 10 to D = 9. Thus the natural metric to consider in D = 9 is not gu'v', but 
rather, g^yi = g^v + g^ 1 g M 'o gi/o- (For the mixed and the internal components, there is 
no need to make a distinction between g and g.) This can be seen easily from the form of 
the string-frame Kaluza-Klein reduction ansatz, which is 

ds 2 = ds 2 + e 2X (dz + .4 (1) ) 2 , (3.7) 
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where ds 2 = <7«v dX^ dX v , and A w = A.^ dX^ is the Kaluza-Klein vector. In the type 
IIA theory, we have A = \<j) + ■^■tp. In terms of the metric decomposition (3.7), it is easy 



to see that the standard bosonic Buscher rules (3.5) can be rewritten in the more elegant 
form 

= 9n'v' i A {1) = A w , A = — A, 
I (2) = A (a) + A w A , 2 (1) = A m , (3.8) 

where the 2-form potential in D = 10 is reduced to D = 9 according to the standard Kaluza- 
Klein prescription A {i) — ► A {i) + A w A (is. Note that the expressions in ( |3.8| ) are identical 
to those that one finds at the field-theory level, when mapping the dimensionally-reduced 
type IIA and IIB supergravities into one another in D = 9. (See, for example, |12[| .) 

For the O(0 2 ) terms fl3.6| ), we can also obtain a more elegant form by using the technique, 
familiar in Kaluza-Klein reductions, of using tangent-space rather than coordinate indices. 
Upon doing so, we find that fl3.6|) can be re-expressed in the considerably simpler form 



Qm'ri = Qm'ri j Qrn'O = P-rn'O , QoO = ~QoO i 

P-rn'ri = P-m'ri > Pm'O = Qrn'O ; (3-9) 

^im' = Sim' > = &i0 , 

Sim' = •Sim' > £>i0 = j 

where here, m! and now denote tangent-space indices. Henceforth, we shall always use 
tangent-space indices on Q mn and P mn - Note that all the type IIA and IIB field strengths 
that appear in our results, including all their non-linear corrections, will now be precisely 
the same as one finds in the corresponding supergravity theories. In the conventions that 



we are using in this paper, their precise expressions may all be found in 1£]. 

In order to discuss T-duality in the 0(9 2 ) sector, we must make a nine-dimensional 
decomposition of the spinor coordinates. The spinor 9 in D = 10 has 32 components, 
split into 16 chiral and 16 antichiral components. In D = 9, we therefore obtain two 
16-component spinors. We shall decompose the ten-dimensional Dirac matrices as follows: 

/ 7w A / i \ / 1 \ 

r m ' = ' r ° = ' rn = J ' 3 - 10 

where ml is a tangent-space index running over the nine-dimensional range, with corre- 
sponding 16 x 16 Dirac matrices j m i. It should be emphasised that Tq here refers to the 
Dirac matrix of the tenth direction (and not the time direction!). The 32-component spinor 
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9 of the type II A theory ([^) then takes the form 9 = 9 1 + 9 2 , where 

/ 1? 1 \ / \ 



(3.11) 



V o j \tf 2 j 

Thus we have TnO 1 = 9 1 and Tn^ 2 = -9 2 . 

In the type IIB theory, which we shall obtain by performing a T-duality transformation, 
there are two Majorana spinors of positive chirality in D = 10, which we shall denote by 
9 A , with A = 1,2. These will be related to the spinors 9 A of the type IIA theory by0 

9 1 = 9\ 9 2 = T 9 2 . (3.12) 
3.2 Type IIA/IIB T-duality 

With these preliminaries, we are now ready to implement the T-duality transformation on 



the type IIA action (2.8). The new part of our construction, which goes beyond previous 
results, involves the consideration of the 0(9 2 ) terms, and, in particular, the R-R field 
couplings. Firstly, we read off from (|2.8|) the various 0(9 2 ) terms in ( |3.1| ). In order to 
bring out the parallelism between the type IIA and type IIB theories, we express the 9 
coordinates of the IIA theory in the notation 9 A introduced above. Thus for the terms 
coupling to NS-NS background fields we have 

QTn = i W V 9 1 - 9 2 T (m ™ 9 2 } F£f pq + i [0T (m r M 9 1 + 9 2 T [m T M 9 2 } co n f« , 

P mn = -jW^{m PQ ^ + ^( m P9 F n)pq ~ ^[^(m T \pq\ ^ ~ ^ (m T \pq\ O*] ^nf 9 , 

Q im = -i[9 1 T m d i 9 1 + 9 2 T m d l 9 2 }, (3.13) 

B im = -i[0T m 5#-e 2 r m ^ 2 ]. 

(Note that oo n pq denotes the tangent-space components of the spin connection; i.e. u) pq = 
uj n pq e n .) Similarly, we can read off from Q2,8| ) the contributions to Q mn and P mn coming 
from the R-R sector: 

q{2) _ _im j>n[ly ypq p , Z? 
mn ~ 4 e u (m L 1 n)° r pq ■> 

p(2) _ I J> 5(1 p ypq p n2) p 
1 mn 4 e u L [m L 1 n] w 1 pq i 

Q m \ = ^fl (l r (m r^ s r n) ^v, (3.14) 

r mn ~ 48 e u L [in 1 L n] u r p 



pqrs i 



5 The definition of 9 2 that we are now using differs from that used in the version of this paper published 
in Nucl. Phys. B573 (2000) 149, and in vl. of |hep-th/9907202| , where we defined 6 2 = — i T 6» 2 . While 



there was nothing wrong with taking that definition, it did mean that the two chiral spinors 9 1 and 9 2 in the 
type IIB theory were Majorana and anti-Majorana respectively. See the Addendum section |^ for a detailed 
discussion of our convention changes in this current version. 
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where the superscripts on the Q mn and P mn indicate the degrees of the R-R field strengths 
involved. The complete expressions for Q mn and P mn are obtained by summing the various 
NS-NS and R-R contributions listed in (|3.13| ) and ( |3.14 ) above. 



We now implement the T-duality transformations for the 0(9 2 ) backgrounds, as given in 
|3.9| ). Specifically, this means that we should take the expressions given by ( gig ) and ( gig) , 



apply the transformations (|3.9| ) , and then seek to re-interpret the resulting tilded quantities 
as the 9 + 1 decompositions of fully ten-dimensional covariant tilded backgrounds P mn and 
Qmn- R is helpful to study the R-R terms, given in (3.14), first. It is straightforward to 



see that the last step, of re-interpreting the transformed nine-dimensional backgrounds as 
the reductions of covariant ten-dimensional ones, is impossible if one tries still to use the 
original two 6 A fermionic coordinates of the type IIA action ( |2.8| ). However, if one uses 
instead the 6 A fermionic coordinates, then the transformed nine-dimensional backgrounds 
can indeed be expressed as the reductions of covariant ten-dimensional ones.[] To see how 
this works, let us consider a sample calculation in detail. 

The dimensional reduction of Q m \ gives rise to a number of terms, including the con- 
tribution to Qm'o of the 3-form F m i n > p i that comes from F rnn pq. From ( |3.14| ), we see that 
this contribution will be 

Qm>o = 12^ V q ' r ' e^F p/qV0 + • • • . (3.15) 
In terms of the type IIB spinors this can be seen to be 

Qm'O = i-2^~^ T m> P ' q ' T ' To ~9 2] F pWr , + • • • , (3.16) 

where the changed dilaton prefactor results from the conversion of the D = 10 tangent-space 
components of F p i q / r / to the D = 9 tangent-space components of F p i q i r i. From (|3.9| ), Q^'o is 
related to the (m'0) components of an antisymmetric term P mn in the T-duality transformed 
theory. One can easily see that it arises from the reduction of the ten-dimensional quantity 

Pml = ~o l1 r [m rw r n] & F pqr , (3.17) 

where F p / q i r i = —F p i q i r i. (The need for the minus sign becomes apparent after following 
a complete chain of analogous T-duality transformations.) In fact if we look at the com- 
plete set of T-duality transformations, we find that the scalars 4> and occur in the same 



It is worth emphasising that this requirement of reinterpreting the T-duality transformed type IIA string 
action as a covariant ten-dimensional action allows one to deduce the existence of the type IIB string with 
its chiral fermions and self-dual 5-form. 
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combination |0 — in all the P mn and Q m n expressions. Noting that in the T-duality 
transformed theory there should be a single scalar <p in D = 10, it is therefore natural to 
define it to be _ 

$=\*~<p. (3-18) 



We now recall that in the Kaluza-Klein reduction (|3.7| ) for the metric of the T-transformed 
theory, the goo component was parametrized in terms of A, which was related to <p and ip by 
A = —\4> — ^-<P (see Q3.8| )). Since this is not orthogonal to (f>, it is natural to reparametrize 
it in terms of 4> and a second linear combination (p of and <p> that is orthogonal to (ft, 
namely 

(p = ~<t>-\p- (3-19) 

In terms of these two orthogonal fields, we now have A = j(f) + ^r-<p. This is identical in 
form to the original untilded A in the Kaluza-Klein metric decomposition ( [3.7D for the type 
IIA theory. The relations ( |3.18j ) and ( 3.19| ) which we have derived here are precisely the 



transformations that relate the dilatonic scalars in the nine-dimensional reductions of the 
type IIA and type IIB super gravities (see, for example, fl2|| ). 

It is interesting to note that our derivation of the relations ( |3.18| ) and (3.19) in the 



present Green-Schwarz formalism was a purely classical one. By contrast, in a standard NSR 
sigma model formulation of T-duality, the derivation of the dilaton transformations requires 
a detailed consideration of how conformal invariance can be preserved under quantisation 
|l], ||. The essential difference in the Green-Schwarz formalism that has allowed us to obtain 
the dilaton transformations from purely algebraic classical considerations is the presence of 
R-R background field strengths in the string action. 

After carrying out the entire chain of T-duality transformations ( |3.9| ), involving repeated 
steps paralleling those that we have illustrated above, we find that the R-R couplings in 
D = 10 become 



flW — —ip&fi^r, rfr .flip 



p(i) _ 1 J> a" 1 p. rPr , p) 77 

r ran — 2 [ m n \ P ' 

Q%n = i- 2 e^e {l T {m T^T n) ^F pqr , (3.20) 

PC 3 ) - L J> p r r pqr r 1 0'^ F 

1 ran — 12 [m 1 L n\ u 1 pqr i 

n( 5 ) — Lifl'V, ppi-ps p as] w 

^mn 480 ( m n ) PI^'PB > 

5(5) _ _J_ J> a^ 1 p. pPl-P5 p (p) p 

1 ran 480 L m -"-nj 17 - 1 Pi— P5 ■ 
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Note that the chirality of the 9 A fermions implies that the 5-form is self-dual. Note also 
that -F ( i) = dx, where x ls the axionic scalar of the type IIB theory. 

We find that the type IIB 1-form, 3-form and 5-form field strengths appearing in ( p. 20 ) 



are related to the 2-form and 4-form field strengths of the type IIA action (2.8) as follows. 
Reducing the D = 10 type IIA fields as 

F w — >F W +F (3) A(dY + A W ), F (2) — ►F (a) + F (1) A (dY + A w ) , (3.21) 

and the D = 10 type IIB fields as 

F (3) — F {3) + F {2) A (dZ + A m ) , F m — , 

F {5) — ► F (5) + F (4) A (dZ + -4 (1) ) , (3.22) 

where Fr B \ and F (4 ) in D = 9 are related by Hodge duality, we find that the nine-dimensional 
R-R fields must be identified as follows: 

F(4) = F (4) , F (3 ) = -F (3) , F (2 ) = F (2 ) , F m = -F {1) . (3.23) 

This particular pattern of identifications, including the alternating signs, is precisely in 
agreement with the results for R-R T-duality that one finds at the field-theory level. (See, 
for example, frH^,) 

The discussion of the T-duality relations for the NS-NS contributions at 0(9 2 ) proceeds 
in an analogous fashion. Following a similar strategy to that described above, we find that 
the various background fields can be rewritten, after applying the T-duality transformations 
( |3.8j ), in the D = 10 covariant forms 

Qmn = r (m w o 1 - o r (m w 6 2 } P^ pq + 1 [9 r (m 9 1 + 9 r (m 9 2 } Lb n f q , 

Pmn = r (m w 9 1 + 9 T( m pq 9 2 } F^ pq - T (m r| pg | 9 1 -9 T (m r [p9 | (9 2 ] u; n) w , 

g im = -i^r^^ + Fr™^ 2 ], (3.24) 

£>im = — i p T m c^ 1 — 6* T m di9 ] , 

Reducing the ten-dimensional NS-NS fields to D = 9 in the standard Kaluza-Klein style, 
with F { 3 } s — ► F^ + jP/jf A dz, we find that here, as in the previous O(9 ) discussion, the 
nine-dimensional type IIA and type IIB NS-NS fields are related in the standard way, with 

-^(2) S = F<2) 1 F [2) = P(2) S ) (3.25) 

where J-^ = gL4 (1) and J-( 2 ) = dA w . This is just the standard interchange of Kaluza-Klein 
and winding vectors. 
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A number of comments are now in order. Firstly, we may observe by comparing ( 0.13 ) 
and (3.24) that the NS-NS terms at 0{9 2 ) are identical in form in the type IIA and type 



IIB Green-Schwarz actions. This is in accordance with what one would expect; it was 
already seen, of course, at 0(9°). A particular consequence of this is that the di9 A terms 
and the \diX» (jj^ mn Y mn 9 A terms, which were separated into contributions in Q^ n , i 3 ^, 
Qi m and £>j m during the implementation of the T-duality transformation, have re-assembled 
themselves to make the spacetime Lorentz-covariant derivative Di 9 A again. 

A second observation is that in the R-R sector, the expressions for Q mn and P mn in the 
type IIA theory in ( 3.14| ) and in the type IIB theory ( p. 20 ) all have the same structural 



form. In all cases, the general structure for the coupling to a p-form is 



n(p) p ( t>9 1 Y l r 9l "' 9p T \9 2 F pW ^ p'^9 1 V, r qi '" q p V i 9 2 F 

Vmn 9 i e ° L (m 1 1 n) ° r qi—q p i r mn n i e u 1 [m 1 L n] u r qvq P ■ 

(3.26) 

(In the case of the 5-form field strength in the type IIB theory, the proper handling of the 
self-duality constraint implies, as usual, that this term should enter with ^ of the canonical 
coefficient for a p-form.) 

To close this section, we may summarise our results for the ten-dimensional type IIB 
Green-Schwarz action, which takes the form[] 

l 2 = -\^hh i] diX» dj X u + \e i] di X» dj X v A p 



-iy/^hh* {9 T p Dj9 x + F T M Dj9 2 ) fyX^ - i e ij (f T M Dj9 x - 9" T M Dj9 2 ) 
-±V^hh ij diX» djX u {9 T/ a 9 1 - ¥ T/ a 9 2 ) F^ a (3.27) 
diX^ djX u (9 T/ a 9 1 + t T/ a 9 2 ) F^ a + i d { X^ djX u x 

Pi- "PS 

''" '' " vl ! 11 i^'/tX ' 1 ■ ! 11 /■, 1 1 j. 

P1---P5 



^hh ij (i F r M r" r„ ft d pX r p r^ x v u ^ F paX + ^ F v p r u & F t 
+e» (i e (1 r p r" r„ 9 2 ^ d pX - ± t v p r^ A r„ m F paX + ^ t r p r^-« 2 ) f p1 ... 



4 Green-Schwarz Action for the Massive Type IIA Theory 

It has been shown at the level of the low-energy effective supergravities that the massive 
type IIA theory and the standard type IIB theory are related via a T-duality transformation 
that differs from the usual one only in that a generalised Scherk-Schwarz reduction ansatz 



is now introduced for the axion X °f the IIB theory [10|. In other words, one makes the 



7 We have corrected one typographical sign error that arose in the version of this paper in Nucl. Phys. 



B573 (2000) 149 and vl. of |hep-th/9907202| , in the e lJ term on the second line. We have also implemented 



the modified definition where 8 2 is Majorana, as discussed in the Addendum section ^. 
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more general Kaluza-Klein ansatz 



x(x,z) — >x( x ) J i~ mz (4-1) 
when reducing from D = 10 to D = 9, while keeping all other ansatze unchanged. Despite 



the linear dependence on z in (4.1), the usual requirement of z- independence of the higher- 
dimensional action and field strengths is still satisfied, in view of the global shift symmetry 
under x — * X + constant. 

It is straightforward to implement the analogue of this generalised reduction in the T- 
duality transformation of the previous section. Thus we now replace the reduction procedure 
for given in ( |3.22| ) by 

F w ^F w +m{dZ + A w ). (4.2) 

(As a consequence, F w in D = 9 is now given by F (1) = dx — m^4 (1) .) We can now use 
the T-duality rules (|3.9| ) in the direction opposite to that which we followed previously, 
to deduce the form of the new terms Q$ n and P$ n that we shall acquire in the type IIA 
string action. As usual, we find that after applying the T-duality transformation, the nine- 
dimensional expressions can indeed be lifted to covariant ten-dimensional ones. By this 
means, we obtain the following new terms in the ten-dimensional type IIA Green-Schwarz 
action: 

qw, = |m e * {e 1 r (m r n) e 1 + e 2 r (m r n) e 2 ) , p£> n = \m ^ {e 1 r mn e 1 - e 2 r mn e 2 ) . 

(4.3) 

(In the expression for Q$ n we could, of course, replace T( m T n ) by rj mn .) Thus up to (0(9 2 ), 
we find that the Green-Schwarz action for the massive type IIA string is given by 

£ massivc = ^ _ _i m g.^ g.j^u ^ q (^/Zfcfcij - & Y XX ) T p T u 9, (4.4) 

where £2 is given in fl2.8|), but with the field strengths now given by 



F (2) = dA m + m A m , F (3) = dA {2) , 

F (4) = cL4 (3) + A m A dA (2) + \m A (2) A A {2) . (4.5) 

It is often more appropriate to use a formalism where the mass term of the IIA theory, 
which can be thought of as a 0-form field strength, is replaced by its dual 10-form field 
strength. In this case the action will be given instead by 

£ 2 - 4^101 diX" djX u 6 (V^hh* - P T n ) T u 6 F Pl ... Pl0 . (4.6) 
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5 Massless/massive type IIA T-duality 

In the previous section, we derived the T-duality transformation between the type IIA and 
type IIB Green-Schwarz actions. In particular, if the 0-form m vanishes, this relates the 
massless type IIA and type IIB theories. When m is non- vanishing, the T-duality maps 
from type IIB to the massive type IIA string theory. This T-duality has been discussed 
in Refs [10, [l3|, [ll], [l2j at the level of the low-energy effective action, by considering the 



Scherk-Schwarz reduction of type IIB supergravity. This leads to the expectation that there 
should be a T-duality that directly relates the massless and massive type IIA string theories. 
This issue was explored in |14[ |, by considering the T-duality between the D8-brane and the 
D6-brane in eight dimensions. Since the D6-brane in D = 8 has, from an eleven-dimensional 
point of view, the internal structure of either a circle bundle over a 2-torus pH] or a 2-torus 



bundle over a circle [14], this would provide a geometrical relation between M-theory and 
the massive type IIA string. 

Here, we shall consider the T-duality relations between the massive and massless type 
IIA strings in detail, making use of the results of the previous sections. In particular, we 
have seen that the results of T-duality transformations on the string variables {X^,9) are 
implemented on the background fields by means of standard nonlinear supergravity global 
symmetry transformations. This would then also imply that a T-duality map between 
an original massless string theory (with an appropriate non-trivial R-R background) and 
the corresponding image massive theory will similarly be implemented by a background- 
field transformation that can be read off from previous work on effective field theories. In 
particular, for the purposes of the present discussion we shall consider string theories on 
backgrounds with two isometries, which are related to previous work on D = 8 effective 
super gravities. 

Accordingly, let us consider massless type IIA string theory on a background with two 
U{\) isometries, namely where all spacetime fields are independent of two spacetime coor- 
dinates Y a , a = 1,2. Defining Vf = diY a , we introduce the Lagrange multiplier term 

C = C + e ij diZ a V? . (5.1) 

Next, we integrate out the two V- 1 . Two possible cases arise, according to whether or not the 
2-form field strength F^ 2 ) with indices projected into the compactified directions vanishes. 
These two cases correspond to massless or massive string backgrounds respectively. 

Consider first the massless case. After performing a T-duality transformation by inte- 
grating out the two V?, the Lagrangian can once again be put into the form of the type IIA 
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massless string action, but with background fields now subjected to a transformation which 
can be identified as one of the perturbative symmetries of the D = 8 effective supergravity 
theory. After a final relabelling of the Lagrange multipliers (Z 1 = Y 2 , Z 2 = -Y 1 ), this 
"double" T-duality transformation corresponds to an inversion and interchange of the two 
toroidal radii; R± — > I/R2 and R2 — > 1/Ri- Unlike the situation where one performs 
a T-duality inversion on just a single circle, which maps the type IIA theory into the IIB 
theory,^] this double T-duality inversion maps the type IIA theory back into itself. In other 
words, the transformed theory can still be lifted up to the type IIA massless string action 
in D = 10, so this constitutes a genuine element of the symmetry group of the type IIA 
string. 

As with the single-inversion T-duality discussed in section 3, the effect of the double- 
inversion T-duality on the background fields is identical to a standard transformation of the 
corresponding lower-dimensional effective field theory. In the single-inversion case, this was 
the well-known redefinition (not a symmetry) that relates the fields of the type IIA and type 
IIB forms of nine-dimensional supergravity. In the double-inversion case, the corresponding 
field-theory transformation is a symmetry of the eight-dimensional supergravity, which is 
contained in the perturbative T-duality SO{2, 2) subgroup of the SL(3, IR) x SX(2,IR) 
Cremmer-Julia symmetry of maximal eight-dimensional supergravity^] 

Before we identify which D = 8 supergravity symmetry transformation the T-duality 
transformation produces, let us recall the structure of the T-duality symmetry group. The 
perturbative T-duality group that arises for spacetimes with the isometries of a <i-torus is 
SO(d,d). This is a subgroup of the Cremmer-Julia supergravity symmetry group for the 
effective field theory obtained by dimensionally reducing from D = 10 on such a torus; in 
the case of D = 8 maximal supergravity, the Cremmer-Julia symmetry group is SX(3, IR) x 
SL(2, IR). The corresponding SO(2, 2) perturbative symmetry is isomorphic to SL(2, IR)i x 
SL(2, IR)2, where the SL(2, IR)2 factor is the second factor in the Cremmer-Julia group and 
the SX(2,IR)i factor is a subgroup of the Cremmer-Julia £X(3, H). SX(2,IR)i has its 
origin in general coordinate transformations of the 2-torus. In fact, the full residuum of 
8 Note that in the case of bosonic or type I strings, this single- inversion transformation is a symmetry, 
and it enlarges the total T-duality group from SO(2, 2) to 0(2,2). See for a recent discussion, at the 

level of supergravity action, of how R-R potentials transform under the SO(d, d) group. 

9 Since we shall be discussing symmetry groups both in their continuous forms at the level of the effective 

field theories, and in their discretised forms in the string theories, we shall tend to refer to them always in 

their continuous forms, with their discretisations to integer coefficients in the string-theory context being 

understood. 
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the "internal" general coordinate transformations is GL(2,H) ~ 1R x SX(2,IR), but the 
1R factor becomes part of SL(2,JR)2- The remaining two SX(2, M)2 generators arise from 
an 0{2) transformation independent of the general-coordinate GL(2, IR) and from constant 
shifts of the axion \ = ^(o) that comes from the internal components of the NS-NS 2-form 
in D = 10. (See, for example, [p^j for a discussion of 0(d,d) T-duality for string actions on 
nontrivial NSR backgrounds.) 

Now we shall identify which SO(2, 2) transformation has been generated by the double- 
inversion T-duality. Specifically, we shall show that it is the element of the <SX(2,IR)2 factor 
represented by the matrix 

A= (-iJ)- < 5 ' 2 ' 

To see how this works, let us consider the double-inversion T-duality transformation 
in detail. We already saw in section 3 that the usual presentation of the single-inversion 
T-duality transformation leads to rather opaque transformation rules of the form (3.5). 
which assume the more elegant form ([O]) when the ten-dimensional fields are decomposed 
in terms of nine-dimensional fields in a geometrically-natural way. Specifically, it is the 
standard Kaluza-Klein ansatz that provides this natural framework for this decomposition. 
This advantage becomes all the more persuasive in the present context, where we wish to 
implement the double-inversion T-duality transformation corresponding to integrating out 
both of the auxiliary fields in (5.1). Thus we begin by writing the ten-dimensional string 
metric in the Kaluza-Klein decomposition appropriate to the assumed form where there are 
two U(l) isometries on a 2-torus: 

d§ 2 10 = dsj + e~ f+ ^ (dY 1 + A l (1) + A) 0)2 dY 2 ) 2 + e- f -* (dY 2 + A 2 (1) f , (5.3) 

where all fields are independent of the two toroidal coordinates (Y 1 ^ 2 ), and we have 
defined 



Here, <p\ and ip 2 are the usual dilatonic scalars coming from the reduction steps to D = 9 
and D = 8 respectively. As we shall see, the combination / will be the canonically- 
normalised dilaton in the SL(2,TR)/0(2) scalar coset describing the SL(2,TR)2 global sym- 
metry. The combination ip, also canonically normalised, is orthogonal to / and lives in the 
SL(3, IR)/0(3) part of the total scalar manifold. We also make a standard Kaluza-Klein 
decomposition for the 2-form potential A^ v : 

i (2) = A (2) + A ma A dY a + x dY 1 A dY 2 . (5.5) 
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In fact x wn l turn out to be the axion in the SL(2, IR)2/0(2) scalar coset. 

We are now ready to implement the double-inversion T-duality transformation. Thus 
we begin with the sigma-model Lagrangian 

C = -\^hh lj d t X» djX" G^ u + \e 13 diX» djX u A,jj, , (5.6) 

and make the assumption that all fields are independent of Y a = (Y^Y 2 ), where we 
decompose the coordinates as X^ = (X^',Y a ). Then replacing d\Y a by Vf, adding the 
Lagrange multiplier term as in (|0|) , and integrating out the two V? , we arrive at a T-duality 
transformed Lagrangian which again has the same general form as ( |5.6[ ), with (Z±, Z2) now 
playing the roles of the two toroidal coordinates. In fact, it is natural to relabel these in 
terms of two tilded coordinates Y a , according to the rule Z\ = Y 2 , Z2 = —Y. As we 
indicated above, at the intermediate stages of the calculation the results are cumbersome. 
However, they become rather simple when expressed in terms of the fields appearing in the 
Kaluza-Klein decomposition, and we shall present only these final results here. To do so, it 
is useful first to make the following redefinitions: 



•4 (i) — -4(0)2 Ai)i ~~ A 1 ) 1 + X-^(i) 

4i)2 = A m2-xA l (1 ', A{ 2) = A {2) - x Al ' AA 2 (1) . (5.7) 

After the double-inverse T-duality transformation, we find that the sigma-model La- 



grangian can be recast in the form (5J3), using tilded fields which are related to the original 



untilded ones as follows. First of all, in the scalar sector we find 

e ' = e -2/ + x 2 ' *= ~ e -2f + x 2 ' ( 5 ' 8 ) 

if> = ip , A\ Q)2 = -4.(0)2 • 

This shows that the dilaton / and the axion \ have transformed under precisely the SL(2, IR) 

._, fa b\ 

matrix A given in (|5.2| ), where A = acts by fractional linear transformations 

\c d) 

f = (ar + b)/(cr + d) on r = \ + ie~ On the other hand the other dilatonic scalar 
combination tp, and the axion -4| 0)2 associated with £L(2,IR)i, are inert. We find that the 
remaining fields are transformed in the following way: 

A' 

^(1)1 , 

A 1 ', (5.9) 



A' 1 

(i) 


- A' 

— ^(1)2 1 


A 2 - 
•^(l) — 


A' 

^(i)l 


- -A 2 
•^(1) > 


A' 


A' 


- A' +A 1 ' 

^(2) ' "^(1) 


A A' ml 




= 9(t'v> ■ 
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Note that here g^v denotes the eight-dimensional string- frame metric ds| appearing in 
the Kaluza-Klein decomposition fl5.3| ). It is therefore related to G^v by g^i v i = G^yi + 

The transformations ( f>.8\) and ( |5.9| ) describe a symmetry of the truncation of the eight- 
dimensional supergravity to its NS-NS sector. In fact, when appropriately augmented by 
transformations for the R-R fields, it is a symmetry of the full theory (see the appendix for 
a complete discussion); as we discussed above, it is the Z2 subgroup of the SL(2, H)2 factor 
of the T-duality symmetry given in ( |5.2| ), 

So far, we have demonstrated the massless/massive type IIA T-duality at the level of 
the NS-NS background fields, in what is a rather natural generalisation of the standard 
discussion for IIA/IIB duality. Since we are working in the Green-Schwarz formalism, this 
string-theoretic derivation of massless/massive IIA T-duality can be extended to the R-R 
sector too, as we did for IIA/IIB T-duality in section 3. To do this, we again start from a 
generic Lagrangian of the form fl3.1|) , with and containing 0(6 2 ) terms Q^ u and 
P^ u as in ( |3.2| ), together also with the terms Gj^ and Bj a containing the 6dj6 at 0(8 2 ). 
Following the lessons learned in section 3.1, where we saw that the relations between the 
lower-dimensional components of the original and the T-duality transformed O{0 2 ) tensors 
are much simpler if written in terms of tangent-space indices, we follow the same strategy 
here. After algebra of considerable complexity, we arrive at the following expressions for 
the tilded 0{9 2 ) backgrounds in terms of the original ones: 

Qm'n' Qm'n' 5 Pm'n 1 Pm'n' 5 Gim' Gim' > $im' $im' > 

Qm'a = e'^ +S) ( - e ab P m t h + xe f Qm'a) , 

Pm'a = e"s(/+/) ( - e ab Q m , b + X e f P m > a ) , (5-10) 

Q12 = Q12 , Qn — Q22 = Qn — Q22 1 

Q + X e f Pi2 = -Q~xe f P12 , P12-X e f Q = -P12 + xe f Q, 

Gia = e~ 3 tf+f) (e ab B lb + X e f Gia), B ia = e~ 5 tf+f) (e ab G ib + X e f B ia ), 

Our notation here is that m! denotes a tangent-space index restricted to the eight-dimensional 
subspace, and a and b denote tangent-space indices ranging over the two values correspond- 
ing to the directions of the two U(l) isometries. The explicit numerical indices 1 and 
2 similarly denote these two tangent-space index values. The quantity Q is defined by 
Q = \{Qn + Q22), and likewise Q = \{Qn + ^22)- 

In the appendix, we derive the complete 5'L(2,]R) transformations of the NS-NS and 
R-R fields of the eight-dimensional supergravity. In the NS-NS sector, the Z2 subgroup 
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corresponding to (|5.2|) coincides precisely with the T-duality relations that we derived in 
(|5.8| ) and ([|1]) by string-theoretic methods. We have verified that this is also true in the 
R-R sector, namely that Zi transformations of the R-R fields agree with the transforma- 
tions that follow from the O{0 2 ) relations ( |5.10| ), To demonstrate this, one has to follow 
steps analogous to those that we presented for the case of type IIA/IIB T-duality in sec- 
tion 3.2. Note that the fermionic coordinates 9 also undergo a transformation under the 
double T-duality, with 6 = e~ 2 arn Tl r2 where sin a = e~2^~2^. This corresponds to 
a compensating transformation in the 0(2) denominator subgroup of the SL(2, ]R)2/0(2) 
coset. 

Now let us consider the case where -F( )i2 = mis allowed to be a non- vanishing part of the 
background for the massless type IIA theory. (This corresponds, at the level of the effective 
field theory, to a Scherk-Schwarz reduction of the axion -A(oji in D = 9 that comes from the 
R-R 1-form A w in D = 10.) After integrating over the two Vf 1 auxiliary fields in ( |5.1| ), the 
resulting Lagrangian no longer allows a direct interpretation as a dimensional reduction of 
the massless ten-dimensional type IIA string. By this we mean that, unlike in the -F( )i2 = 
discussion above, the tilded backgrounds of the T-duality transformed theory cannot be 
directly interpreted as the fields appearing in the given Kaluza-Klein dimensional-reduction 
ansatz. For example, the tilded 1-forms A^ r) and A ma , and the tilded dilatonic scalars 4> , 
arising after integrating over the two Vf, which in the -F( )i2 = case could respectively be 
interpreted as the Kaluza-Klein vectors, winding vectors and dilatons in the Kaluza-Klein 
reduction ansatz for the type IIA theory, cannot be so interpreted once i^ )i2 = m/0. 

The reason why this has happened is that the SL(2, IR)2 symmetry is broken by the 
cosmological potential that arises in the Scherk-Schwarz reduction with -F( )i2 = m ^ ]l3]| . 
The full Lagrangian is given in the appendix; here, we shall just consider the relevant terms 
in order to illustrate the point. The cosmological term, together with the kinetic terms for 
the scalars of the SL(2, IR)2/0(2) coset, is given by 

C = -\em 2 e f+ ^ a - \e{dff - \ee 2f {d X f , (5.11) 

where 

(5.12) 

is the third linear combination of the three dilatonic scalars; it is canonically normalised 
and is orthogonal to / and to ip defined in (|5.4|). We can think of the cosmological term 
as being the "kinetic term" for the 0-form field strength -F( )i2 = m. The key point that 
distinguishes this from the case when m = is that whereas all the other field strengths are 
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either invariant under SX(2,IR)2 or else they occur in doublet pairs, here we have a single 
term which is not invariant under SX(2,IR)2, thus breaking the symmetry. Nonetheless, we 
can still view SX(2,IR)2 as defining a set of field redefinitions, albeit ones that now change 
the form of the Lagrangian. In particular, it is easy to see that for a general SL(2, H)2 
transformation of the backgrounds, for which 

-/ e~l_ (ax + b){cx + d) + ace- 2f 

' ~^ (c X + d) 2 + c 2 e- 2 f ' X ^ {c X + d) 2 + c 2 e~ 2 f ' 1 j 

the Lagrangian ( |5.11[ ) transforms into 

C = -\e m\ e~ f+ ^ a - \e (m 2 + mi X ) 2 e f+ ^ a - \e (df) 2 - \e e 2f {d X f , (5.14) 



where 



with A 




(5.15) 



a 6" 



\ c d J 

Our specific SX(2,IR)2 transformation that results from the double-inversion T-duality 
has A given by ( |5.2D , and hence the Lagrangian ( 5.14j ) becomes 



C = -\e m 2 e" /+ ^ ff - \e m 2 X 2 e f+ ^ a - \e (df) 2 - \e e 2 f (8 X ) 2 , (5.16) 



It is clear that this is different from the original form of the Lagrangian ( |5,11 ), showing 



that the mass term breaks not only the general SL(2,JR)2 symmetry but also the specific 
Z2 subgroup corresponding to the double-inversion T-duality (|5.2|) . However, the T-duality 
transformed backgrounds do still allow themselves to be directly lifted to a covariant theory 
in D = 10, but now it is to the massive IIA theory, rather than to the massless theory. In 
other words we can directly interpret ^4^) as the Kaluza-Klein vectors, A Wa as the winding 
vectors, and cj) as the dilatons coming from the reduction ansatz for the massive IIA theory. 



In particular, we can see this from the form of the cosmological term in (5.16). From the 
definitions of / and a, we see that the cosmological term is 

-im 2 e^">">, (5.17) 

which is precisely what one obtains by performing a Kaluza-Klein reduction of the cos- 
mological term — ^m 2 e^^ in the massive IIA theory. The mass term for the axion % in 
(5.16) can also be understood from this viewpoint, since it is nothing but the Kaluza-Klein 



reduction of the mass term for the 2-form A, 2 ) in the ten-dimensional massive IIA theory. 
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6 Conclusions 



In this paper we studied the T-duality maps involving the type IIA and type IIB string 
theories at the level of the Green-Schwarz sigma-model string actions. This approach pro- 
vides a string-theoretical derivation of T-dualities, and sheds light on the subsequent web 
of dualities between the massless and massive type IIA and type IIB string theories. 

As a prerequisite for these analyses, we needed explicit (component) forms of the Green- 
Schwarz actions, in backgrounds including R-R as well as NS-NS massless fields. While the 
superfield form of the type IIA action in curved backgrounds has been given in 23], the 
component form, needed for the application of T-duality transformations, was unknown. 
The component form of the analogous type IIB Green-Schwarz action was also previously 
unknown. In our derivation of the type IIA Green-Schwarz action, we employed a double 
dimensional reduction of the eleven-dimensional supermembrane action, and making use of 
explicit results for the supervielbein and 3-form superpotential, derived up to order 9 2 in 
the fermionic fields Q . This enabled us to find an explicit and complete form of the type 
IIA Green-Schwarz action with massless NS-NS and R-R background fields, exact up to 
order 2 . 

This action provided our starting point for studying T-duality transformations at the 
level of the Green-Schwarz action. We generalised Buscher's T-duality procedure (imple- 
mented in [^] in an NSR formalism with only NS-NS background fields) to the Green- 
Schwarz action, now involving spinor coordinates 6 as well as R-R background fields. Fur- 
thermore, we formulated the T-duality transformation rules in terms of adapted background- 
field parametrizations, thus obtaining more compact and elegant expressions for the T- 
duality maps which have a natural geometrical interpretation. 

These generalised T-duality transformations enabled us in turn to derive the Green- 
Schwarz action for the type IIB string, giving it for the first time with NS-NS and R-R 
background fields, exact up to 0(8 2 ). 

Next, we constructed the string-theoretical T-duality map between the type IIB and 
massive type IIA strings. Starting with the type IIB Green-Schwarz action, in a background 
with a U(l) isometry in which the 1-form field strength F w = d\ is allowed to take a non- 
vanishing constant value in the direction of the isometry, and applying the generalised 
T-duality transformation, we derived the Green-Schwarz action for the massive IIA string, 
in arbitrary R-R and NS-NS mashes backgrounds, again to order 2 . This provides a string 
theoretical derivation of the T-duality transformation which, at the level of the effective 
super gravities, corresponds to the equivalence of the Scherk-Schwarz reduced type IIB and 
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massive type IIA theories. 

In view of the fact that the type IIB string is itself related by T-duality to the massless 
type IIA string, one can obtain a direct T-duality relation between the massless and mas- 
sive type IIA strings, by considering them on backgrounds with the two U(l) isometries 
of a 2-torus. This was discussed by considering D8-branes and D6-branes in the effective 



field theories in [14|; here, we were able to give a string-theoretic description at the level of 
T-duality in the Green-Schwarz actions. In addition, we gave a construction of the eight- 
dimensional £X(3,]R) x SL(2, ]R) invariant supergravity effective action that includes the 
two mass parameters mi 2, forming a doublet under the SL(2, 1R) factor. This can be inter- 
preted as a Scherk-Schwarz reduction of the type IIB string on two circles of radii R\ and 
R2 (introducing mass parameters mi and 777,2 respectively). The T-duality transformation 
in turn relates this to the massive type IIA string with one radius compactified on a regular 
circle and another one Scherk-Schwarz reduced. 

Finally, we remark that our discussion of the T-duality mapping between the massless 
and massive type IIA strings extends straightforwardly, in a manner analogous to that 
discussed in [14], to a unified picture in which the massive type IIA string emerges in an 



appropriate limit from the eleven-dimensional supermembrane propagating in a background 
with the three U(l) isometries of a 3-torus, which can be viewed either as an S 1 bundle 
over T 2 [24] or as a T 2 bundle over S 1 [14]. 



7 Addendum 

Since writing this paper, and its publication in Nucl. Phys. B573 (2002) 149 and as vl. 



of hep-th / 9907202 , we have discovered a small number of minor typographical errors. We 
have also found that there were various infelicitous choices of convention and notation which, 
although in no way incorrect, did not contribute positively to the elegance of the results. 
We are therefore taking the opportunity, while correcting the minor typographical errors, 
of improving some notation and conventions. We shall set out below what these changes 
are. For clarity, we shall refer to the versions of this paper published in Nucl. Phys. B573 
(2002) 149 and in vl. of hep-th /9907202 as the "old versions," and this current version will 



be called the "new version." 

There were two typographical errors in the old versions that affected our final expressions 
for the type IIA and type IIB Lagrangians respectively. In the type IIA Lagrangian ( |2.8| ), a 
Tn matrix was accidentally omitted from the F vpa terms. In the type IIB Lagrangian ( p. 28 ), 
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the term involving i e JJ (9 T^Dj9 1 —9 Dj9 2 ) was accidentally written as e %3 (9 T /1 Dj9 1 + 

-2 

9 T^Dj9 2 ). Both errors are corrected in this new version. 

Turning now to the question of conventions, we found that there were two convention 
choices in the old versions of this paper that were not helpful to the interpretation of our 
results. 

Firstly, our starting point of the super membrane action in f?J is written using a conven- 
tion in which the conjugation of spinors involves the introduction of a factor of i; i.e. the 
conjugate of a spinor tp is written as ip = iij)^Y t , where r* denotes the Dirac matrix in the 
time direction. This has the consequence that, for example, the Hermitean Dirac action is 
written as tp ijj rather than the more familiar i ijj tp. To readjust to conventions 

that are more familiar, we have therefore implemented the replacement of every occurrence 
of a conjugate spinor by i times the conjugate spinor in all formula in the old versions of 
this paper. Thus we have replaced 



'old version ' 1 "new version j 



(7.1) 



et cetera. 

A second inconvenience in our conventions was that when defining the two chiral spinors 
(9 1 ,9 2 ) of the type IIB theory in terms of the spinor 9 of type IIA that has chiral and 
antichiral projections (9 1 ,9 2 ), we defined 9 2 as — iTo^ 2 , rather than as Tq9 2 as we are 
now doing in the this new version of the paper, in equation ( |3.12| ). (Recall that Tq is the 
Dirac matrix in the circle reduction direcion, not the time direction.) Again, there was 
nothing incorrect about the definition used in the old versions of the paper, but it had 
the consequence that the two chiral spinors of type IIB were Majorana and anti-Majorana 
respectively. This led to expressions, such as the old versions of the type IIB Lagrangian 
(3.28), which although perfectly correct, were somewhat misleading if not set in proper 



context. In this new version, where we define 9 = Tq9 , the two chiral spinors of the 
type IIB theory are both Majorana. This change of convention amounts to making the 
replacement of 9 in the old versions of the paper by — i 9 , and of 9 by i 9 , in order to get 
the expressions we are using in this new version. 

Finally, we have made a simplification that eliminates the need for certain Dirac-matrix 
combinations 

Sfi u v -u p = T ^vu P _ 2p S^ T U2 - U ^ (7.2) 
that we introduced in the old versions of this paper. It is easily seen that these are nothing 
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but 

s^-xp = (-lfr^-^r^, (7.3) 

and so we have made these replacements in all occurrences in the old versions. 

Appendix 

A Massless/massive II A T-duality from D = 8 massive su- 
pergravity 

In this appendix, we discuss the massless/massive IIA T-duality at the level of supergravity. 
In order to make explicit the T-duality transformation that directly maps between the 
massless and massive type IIA theories, we shall consider a Scherk-Schwarz dimensional 
reduction of the massive type IIA supergravity, in which the 2-form field strength F( 2 ) hi 
D = 10 is allowed to be non-vanishing in the internal directions of the 2-torus. Thus 
in addition to the mass parameter mi of the original massive IIA theory, we shall also 
introduce a second mass parameter 771,2 via the Scherk-Schwarz reduction to D = 8. When 
7772 = 0, the D = 8 theory is the standard two-torus reduction of massive type IIA, whilst 
when mi = 0, the resuting theory is the Scherk-Schwarz reduction of massless type IIA or 
M-theory to D = 8. 

Our goal is to show that the 7714 = or 771-2 = cases are in fact the same theory, 
by giving the explicit transformations of the fields that map one theory to the other. To 
do so, we shall explicitly exhibit the symmetry of the resulting eight-dimensional theory 
under the SL(2, IR) factor of the SL(3, IR) x SL(2, IR) Cremmer-Julia group, under which 
(7711,7772) transform as a doublet. (We can really think of mi and m-2 as being fields, 
rather than just parameters; see, for example, JT^j.) In particular, this SX(2,1R) symmetry 
has a Z2 subgroup that maps from the case where mi = with 7712 non-vanishing to the 
case where 7772 = with 7711 non-vanishing. This subgroup, which is the one we found 
by performing the double- inversion T-duality transformation ( |5.2| ) in section 5, is thus a 
symmetry that manifestly relates the Scherk-Schwarz reduction of the massless type IIA 
theory to the ordinary reduction of the massive type IIA theory, in eight dimensions. This 
then completes the demonstration of the massless /massive type IIA T-duality. 

In D = 10, the massive type IIA theory H is given by 

C = R*l- i*# A dxf> - *F m A F {2) - |e _ * *F (3) A F {3) - *F (4) A F w 

-\dA m A cL4 {3) A i {2) - ±mi dA m A (i (2) ) 3 - ^m\ (i (2) ) 5 - \m\ e& *1 , (A.l) 
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where the field strengths are given in terms of potentials by 

F {2) = dA m + mi A m , F (3) = dA {2) , 

F w = di (3) + A {1) A dA {2) + \mi A (2) A i (2) . (A.2) 

We now reduce on T 2 the standard way, using the conventions and notation of []i~9|| , adapted 
to the case where the first reduction step is from D = 10 to D = 9, and where the generalised 
Scherk-Schwarz reduction is included. To be explicit, we have 

A w = A (1) + A (0)a dz a - m 2 z 2 dz 1 , 

A m = A {2) + A {1)a A dz a + A (0)12 dz 1 Adz 2 , 

i (4) = A (3) + A (2)a A dz a + A w i2 A dz 1 A dz 2 + A x A A (2) . (A.3) 

Note that the last term in A^, which amounts to a field redefinition, is needed in order 
that the coordinate z 2 does not appear undifferentiated in the Lagrangian. The ansatz for 
the Einstein- frame metric is e^l 2 ds 2 where ds 2 is the string frame metric given in ( |5.3| ) . 
We find that the Scherk-Schwarz reduced Lagrangian in D = 8 is given by 

£ 8 = R *t - \*df Adf - \e 2f *d\ A dx — \*dij) A dip - \e 2 ^ *dA\ Q)2 A dA} 0)2 
-\*da Ada- \e~^^>° *F wl A F (1)1 - \S>+^° *F (1)2 A F {1)2 
-\e~t *F W A F w - ie"75 CT *F (3) A F w 
_ i e 7f ff ( e -V> A F(3)1 + e i> * F(s)2 A F(3)2 ) 

2 

-\e^ a (e~ f *F (2) A F {2) + e f *F {2)12 A F {2)12 ) 
_ i e -^-7I CT ( e -f *jr2 } A ^ + e / *F (2)1 A F (2)1 ) 
-ig^-Tf 7 ( e -/ *^ 2) a ^ + *F (2)2 A F (2)2 ) 

-|evf CT (m 2 e _/ + (m 2 + mi xf e / ) *1 + £ffa , (A.4) 
where x = ^4.(o)i2 and 

Cffa = ~\x Fw A F w + ^ A cL4 (3) + ft 2 , (A.5) 

with 

fii = e a/3 A (1)a cL4 {2)(8 + ±e a/3 A m A (1)a dA mf3 - A {2) dA (1)12 

+|Al)12 ^fi) + A W l Ai)2 + ™1 A (i)l A (i)2 -4(2) 

-im 2 (^ (2) ) 2 - \m 2 A {2) A^aA®) + \m 2 A (1)1 A (1)2 A^ A 2 {1) . (A.6) 
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The expression for 2 , which does not involve A^, is quite complicated, and we shall not 
present it here. The exterior derivative of Cffa is, however, rather simple, and is given by 

dC FFA = ~\d(x F w A F w ) + dn x A F w + F (3) A F m A F (3)2 . (A.7) 

In the scalar sector, the SL(2,M) symmetry is generated by the axion \ = ^(0)12; an d 
the dilaton combination /, given by (|T4|), which arises in the exponential prefactor for the 
axion's kinetic term in D = 8. To make the <SX(2,IR) manifest, it is useful to perform a 
number of redefinitions of the dimensionally-reduced potentials. These are given below, in 
equation ( |A.17 ). Expressed in terms of the now-redefined potentials, we obtain the following 



expressions for the various field strengths in D = 8. Firstly, we have 

F( 3) = cL4 (2) — \A {1)a dA^ x) — \A ( ^ V) dA (1)a , (A. 8) 

which is a singlet under the SL(2, 1R). We find that the remaining two 3-form field strengths 
are also SX(2,IR) singlets, and are given by 

F(3)i = dAtyi + \A m dA {1) \ + 2^(1)1 dA {1) + 5 A 1 ) 12 ^(1) + 2"tfr> dA w u — A (0) i F (3) 
+A (2) (mii (1) i + m 2 A 2 (1) ) + ±A (1)1 A 2 (1) (mi A (1)2 - m 2 A\ 1} ) , (A.9) 

F(3)2 = dA (2) 2 + 2^(1) ^(1)2 + 2~A W 2 dA {1) — 2^(1)12 ^.(1) ~~ 2*^(X) ^(1)12 ~~ ^(0)2 ^(3) 

-"^(0)2-^(3)1 + A (2) (mii (1)2 - ma Aft) + ^A^A)^ (mi A {1)1 + m 2 -4 2 1) ) . 
We also have the pair of singlet 1-forms, 

F m i = dA (0) i + (mi A m i + m 2 A 2 t) ) , 

F (1)2 = dA (0)2 -A 1 m F (1)1 + (m 1 A ll) 2-m 2 A 1 (1) ). (A.10) 

Next, we find 

F {2) = <L4 {1) + A ma dA") + mi A (2) - \m\ A (V)a A^ + m 2 A} n A 2 m , 
^(2)12 = dA w i2 + A (0) ± dA W 2 — A (0)2 dA (1) i + x F( 2 ) 

+m 2 A m + \m 2 A m A^ - mi A (1) i A (1)2 , (A.ll) 

This pair of field strengths forms a doublet under the SL(2, JR) we are considering. For the 
other 2-forms, we find that they form two pairs, namely 

T 2 — d A 2 

J (2) — u,lAl (l) ) 

F ml = dA ml - x dA 2 w , (A.12) 
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and 



■pi _ A Al 1 Al a a2 

F {2)2 = dA (1)2 + xdA l (1) -A\ 0)2 F {2)l . (A.13) 

Each pair is a doublet under the SL(2,JR). 

Finally, we have the 4-form. This turns out to be 

-F( 4 ) = cL4( 3 ) + dA( 2 ) + dA( 2 )a ~ A") '^■Wa 

-|4 (x)12 (A^ dA (1)2 - A 2 (1) dA w i) + |mi (^ (2 )) 2 - \m\ A {2) A (1)a A a 1} 
-\mi A ml A w2 A x (1) A 2 W + m 2 A (2) A( 1} A 2 w . (A.14) 

This, together with its Hodge dual, forms a doublet under the SL(2,TR). The symmetry 
involving is therefore seen only at the level of the field equations. 

It is useful at this stage to consider the various doublet symmetries under the SL{2, 1R) 
generated by / and x i n more detail. First of all, we note from ( |A.4| ) that, as one would 
expect, / does not couple to the kinetic terms for any of the SL(2, H)-singlet fields. All the 
doublet pairs of 2-form fields strengths (F + ,F-), with potentials (A+,A-) = (4m, 4(i)i2), 
(— .Am, ^4.(i)l) and (.Am, 4(i)2), which we exhibited above, have kinetic terms which couple 
to / in the form — \e~^F\ — {F- + xF+) 2 . Under SX(2,IR) transformations acting 
on r = x + ie~^ via the fractional linear mapping r — ► (a r + b) / '{cr + d) , the potentials 
(4-f,4_) transform as 

G:Hr;)G:)- 

The two mass parameters (mi, m<i) transform in the same way as (A + ,A_). Finally, to 
discuss the SL(2,JR) symmetry for F {4) , we note that the pair F (4) and (e~f *F W + xF(*)) 
transform like the upper and lower components of a doublet, as in ( A.15| ). Since this involves 



the 4-form and its dual, the SL(2, H) symmetry is realised here at the level of the equations 
of motion rather than the Lagrangian. The the Bianchi identity and the equation of motion 
for the 4-form are given by 

dF w = X , d(e~ f *F (4) +xF w ) = dOi , (A.16) 

where X can be easily read off from ( |A.14|) . It is straightforward to verify that these two 
equations form a doublet under the SX(2,IR). 

For completeness, we list the field redefinitions that we made for the potentials. Making 
the following substitutions in the expressions for the field strengths directly following from 



30 



the dimensional reduction, we obtain the field strengths given above: 

-4(3) * -4(3) — -4(2) -4(1), ~~ -4(2) 4(o)q. -^fi) + § -4(0)0: ^(l)/9 -A^l) > 

-4(2) ► ^4(2) + 5-4(i) a .4") + X^4(i) -4fi) , 
-4(i) ► -4(i) + A( ) a .4(1)01 , 

-4.(2)1 * 4.( 2 )i - 4 (0) i A {2) - i4 ( i) 4 ( i)i - 5-4(i)i2 ^4(i) 

+|4 (0 )i (4 ( i)i ^4(i) - -4(x)2 -4.fi)) + 4 {0) 2 4(i)i -4^ , 
4 ( 2)2 — ► -4(2)2 - 4 ( o)2 -4(2) - 54(i) 4 (1)2 + 14(1)12 A 1 ^ 

-|4( )2 (4 ( i)i -4(i) - 4(i)2 -4.fi)) + 4 ( o)i 4(i)2 A (1) , 
A ( i)i — ► A ( i)i-x^i), (A.17) 
-4 ( i)2 — ► -4 ( i)2 + X A l {1) , 
-4(i)i2 — ► -4(1)12 + e a/3 4( ) a 4(1)^ , 
/i 1 ► _i_ n 4 2 

^l(l) "^(l) i -*-(o)2 (1) • 

To summarise the appendix, we have constructed a manifestly £X(3,1R) x SX(2,IR) 
invariant massive supergravity in D = 8, with two mass parameters mi and mi which 
form a doublet under the SX(2,]R) factor. When m<i = with mi non-vanishing, the 
theory is the standard Kaluza-Klein 2-torus reduction of the massive type IIA theory in 
D = 10. On the other hand when mi = with m2 non- vanishing, the theory comes from the 
the Scherk-Schwarz reduction of massless type IIA (or M-theory). The manifest SX(2,IR) 
symmetry implies in particular that these two eight-dimensional cases are equivalent. In 
particular, as we observed in section 5, the discrete transformation that maps (mi,0) to 
(0,7712), associated with the massive/massless type IIA theories, interchanges R\ <-> 1/R.2- 
This Z2 is a subgroup of the SX(2,IR); it is quite different from the R± «-> l/.Ri Z2 
transformation that relates the type IIA and type IIB theories, which is intrinsically discrete 
and is not part of any connected group. 



As was observed in [24], the U-duality group can be decomposed as general coordinate 
transformations of the internal spaces of either the type IIA or the type IIB theories, 
together with the T-duality transformation that maps between the two theories. From the 
type IIB point of view, the 5L(2,IR) symmetry under which (7711,7712) form a doublet is 
nothing but a residual general coordinate transformation symmetry of the internal 2-torus. 
This is because in the type IIB case, the axion x i n D = 10 can be Scherk-Schwarz reduced 
on each of the two circles reductions, giving rise to two mass parameters that naturally form 
a doublet under the SL(2, IR) residuum of the 2-torus general coordinate transformations. 
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Note added 



After this work was completed, a paper appeared which also considers certain aspects of 
type IIA/IIB T-duality for R-R fields ||. 

Acknowledgements 

We are grateful to Chris Hull, Igor Lavrinenko and Arkady Tseytlin for useful discussions, 
and to SISSA for hospitality. 

References 

[1] E. Alvarez, L. Alvarez-Gaume and Y. Lozano, An Introduction to T duality in string 



theory, Nucl. Phys. Proc. Suppl. 41 (1995) 1, |hep-th/9410237 . 



[2] A. Giveon, M. Porrati and E. Rabinovici, Target space duality in string theory, Phys. 



Rept. 244 (1994) 77, |hep-th/9401139 



[3] M.J. Duff, P.S. Howe, T. Inami and K.S. Stelle, Superstrings in D = 10 from super- 
membranes in D = 11, Phys. Lett. 191B (1987) 70. 

[4] E. Bergshoeff, E. Sezgin and P.K. Townsend, Supermembranes and eleven-dimensional 
supergravity, Phys. Lett. B189 (1987) 75. 

[5] E. Cremmer and S. Ferrara, Formulation of eleven-dimensional supergravity in super- 
space, Phys. Lett. B91 (1980) 61. 

[6] L. Brink and P. Howe, Eleven-dimensional supergravity on the mass-shell in superspace, 
Phys. Lett. B91 (1980) 384. 

[7] B. de Wit, K. Peeters and J. Plefka, Superspace geometry for supermembrane back- 
grounds, Nucl. Phys. B532 (1998) 99, |hep-th/9803209j 



[8] E. Bergshoeff, CM. Hull and T. Ortin, Duality in the type II superstring effective 
action, Nucl. Phys. B451 (1995) 547, |hep-th/9504081 . 



[9] L.J. Romans, Massive N =2a supergravity in ten dimensions, Phys. Lett. B169 (1986) 
374. 



32 



[10] E. Bergshoeff, M. de Roo, M.B. Green, G. Papadopoulos and P.K. Townsend, Duality 



of type II 7 branes and 8 branes, Nucl. Phys. B470 (1996) 113, [hep-th/960115C . 
[11] P. Meessen and T. Ortin, An S1(2,Z) Multiplet of Nine-Dimensional Type II Super- 



gravity Theories, Nucl. Phys. B541 (1999) 195, |hep-th/9806T2C . 
[12] I.V. Lavrinenko, H. Lii, C.N. Pope and K.S. Stelle, Superdualities, brane tensions and 



massive IIA / IIB duality, Nucl. Phys. B555 (1999) 201, |hep-th/9903057 . 

[13] P.M. Cowdall, H. Lii, C.N. Pope, K.S. Stelle and P.K. Townsend, Domain walls in 
massive supergravities, Nucl. Phys. B486 (1997) 49, [hep-th/9608~T73 . 

[14] CM. Hull, Massive string theories from M theory and F theory, JHEP 11 (1998) 027, 
|hep-th/9811021 . 



[15] A. Achucarro, P. Kapusta and K.S. Stelle, Strings from membranes: The origin of 
conformal invariance, Phys. Lett. B232 (1989) 302. 

[16] M.T. Grisaru, H. Nishino and D. Zanon, Beta functions for the Green-Schwarz super- 
string, Nucl. Phys. B314 (1989) 363. 

[17] A. A. Tseytlin, On dilaton dependence of type II superstring action, Class. Quant. 



Grav. 13 (1996) L81, |iep-th/9601109 



[18] T.H. Buscher, A symmetry of the string background field equations, Phys. Lett. B194 
(1987) 59. 

[19] E. Cremmer, B. Julia, H. Lii and C.N. Pope, Dualisation of dualities, Nucl. Phys. 



B523 (1998) 73, |hep-th/9710il9 



[20] I.V. Lavrinenko, H. Lii and C.N. Pope, Fibre bundles and generalised dimensional 



reduction, Class. Quant. Grav. 15 (1998) 2239, |hep-th/9710243 



[21] M. Fukuma, T. Oota and H. Tanaka, Comments on T dualities of Ramond-Ramond 



potentials on tori, [hep-th/9907132 . 

[22] A. Giveon and M. Rocek, Generalized duality in curved string backgrounds, Nucl. 
Phys. B380 (1992) 128, |hep-th/9112070| . 

[23] M.T. Grisaru, P. Howe, L. Mezincescu, B. Nilsson and P.K. Townsend, N = 2 super- 
strings in a supergravity background, Phys. Lett. B162 (1985) 116. 



33 



[24] I.V. Lavrinenko, H. Lii, C.N. Pope and T.A. Tran, U-duality as general coordinate 



transformations, and spacetime geometry, Int. J. Mod. Phys. A14 (1999) 4915, hep- 



th/9807006 . 



[25] S.F. Hassan, T-duality, space-time spinors and R-R fields in curved backgrounds, hep- 



th/9907152 . 



34 



